Introduction
The mid-infrared (mid-IR) frequency range from 2 to 15μm is of great importance for applications, such as early stage cancer detection, spectroscopy on organic and in-organics molecules, air-pollution monitoring, and infrared counter measures [1, 2] . Previously, this was much an unreachable wavelength range due to the lack of high power and spatially coherent laser sources. With the advent of the quantum cascade lasers (QCL) [3] this wavelength region began to be probed. This allowed for some quite fascinating research to be conducted such as mounting the QCLs on airplanes and monitoring green house gasses during flight [4] . While the QCLs opened a new frontier in mid-IR spectroscopy the QCLs operate at a narrow spectral range around the emission wavelength. In the past decade a lot of ground has been covered theoretically and experimentally in devising mid-IR broadband supercontinuum laser sources based on mid-IR glasses out to 5 and 10μm and beyond in fluoride/tellurites [5] [6] [7] [8] [9] [10] [11] and chalcogenides [12] [13] [14] [15] [16] [17] [18] [19] [20] , respectively, as these are transparent in different regions of the mid-IR spectrum. Especially, the chalcogenide glasses are considered ideal for mid-IR nonlinear frequency conversion due to their much wider mid-IR transparency window and stronger nonlinearities when compared to standard silica fibres [21] . Chalcogenides may also be deposited in liquid phase into the holes of silica or polymer PCF to make multi-functional multi-material fibres [22] [23] [24] .
The most efficient supercontinuum generation is obtained with a pump laser wavelength close to the first zero dispersion wavelength (ZDW) of the fibre. For chalcogenide fibres this is challenging as most commercial lasers operate in the near-IR, such as the ytterbium laser at 1μm, the erbium laser at 1.55μm and the thulium laser at 2μm, which are too far away from the material ZDW of the chalcogenides (e.g., 7μm for As-Se [25] ). New types of 3μm [26, 27] and 4μm [28] pulsed lasers are now being developed, which are coming closer to the material ZDW of the chalcogenides [29] . However, engineering on the fibre side is still necessary to bridge the gap between the laser lines and the chalcogenide fibres ZDW. Chalcogenides fibres can be made of several glass compositions with different linear and nonlinear properties [30] , which allows to move the ZDW significantly by increasing the index contrast between the core and cladding materials [25] . The ZDW of chalcogenide fibres can also be tuned using microstructured fibre designs [31] .
In order to obtain mid-IR supercontinuum generation high NA fibres are needed to lower the ZDW and keep the light confined at long wavelength, which makes the fibres multimoded. The state-of-the art high NA chalcogenide step-index fibres have an NA as high as 1.3 [25, 32, 33] and are not polarisation maintaining. Ideally, the supercontinuum should be generated only in one polarisation to yield the broadest spectrum possible [34] . Furthermore, in multimode fibres power can be lost to higher order mode (HOM) during in-coupling [35] [36] [37] , or coupling between fibre modes due to nonlinear effects along the fibre. The nonlinear coupling can either be through intermodal Raman scattering [38] [39] [40] or through four wave mixing (FMW) between modes [18, 41] .
In this work we numerically consider high pulse energy mid-IR supercontinuum with long pump pulses in a multimode high NA chalcogenide fibre. The fibre has an NA of 1.0 and ZDW of 5μm [17] , and we pump at 2.9μm, which represent the pump wavelength of several emerging mid-IR lasers, such as Er 3+ , Ho 3+ , Pr 3+ and Dy 3+ doped ZBLAN lasers [29] . This means that we are pumping in the normal dispersion regime and must rely on mainly Raman scattering to transfer power across the ZDW and achieve supercontinuum generation. A Raman cascade with seven Raman lines has been demonstrated in silica fibres [42] while four Raman lines have been demonstrated in chalcogenide fibres [43] . If the Raman cascade can transfer enough power across the ZDW this could potentially be a promising design for mid-IR supercontinuum sources.
Advanced modeling is typically used to design supercontinuum sources. However, in the mid-IR this has so far only been based on the scalar model. In this work we take into account HOMs and both polarisations, and we determine, which HOMs that must be considered. We consider 10-60ps pump pulses to determine the effect of temporal walk-off on the excitation of HOMs and the resulting supercontinuum bandwidth. We demonstrate that for pulses shorter than 10ps excitation of HOMs is negligible, while for pulses longer than 40ps HOMs are efficiently excited and severely deplete the power in the fundamental mode.
Modeling multimode nonlinear effects
The modeling was done by solving the multimode generalised nonlinear Schrödinger equation (MM-GNLSE) [41, 44, 45] 
c f (ω) where α m (ω) was a constant background loss chosen here to be 1dB/m. Such a low loss is now becoming readily available [32, 33, 46] . The loss α (p) c f (ω) was the confinement loss for the individual modes. The coupled equations were written in a reference frame moving with the velocity of the fundamental LP 01 mode (p=1). The dispersive operatorD takes into account the dispersion, the loss and the group velocity mismatch between the modes. The nonlinear operatorN took into account the nonlinear coupling between modes due to cross phase modulation (XPM), FWM as well as Raman scattering given as R(
The overlap integrals Q (1) plmn and Q (2) plmn are given as
whereF p (x, y, ω) are the transverse components of the total electric fieldẼ 
c f (ω) were obtained using the commercial finite element method (FEM) tool COMSOL®.
In this work state-of-the art chalcogenide step-index fibres with NA of 1.0 were considered. Such high NA fibres based on As-Se and Ge-As-Se have only recently become experimentally feasible as the core and the cladding materials needed have be sufficiently different refractive indices while at the same time being thermally compatible so that they could be drawn together into a fibre [25] . The refractive indices of the core As-Se glass and the cladding Ge-As-Se glass are taken from [25] . The Raman response function for the As-Se glass was taken from [47] . The Kerr coefficient for the same glass was taken from [48] .
A thorough design optimisation of step-index fibres based on these chalcogenide glasses showed how increasing the core-cladding index difference allowed for engineering the dispersion and move the first ZDW to shorter wavelengths [17] . In particular the calculations showed that the first ZDW went down to around 5μm in a fibre with a core diameter of 8μm and NA of 1.0. Initial scalar supercontinuum modeling showed that this fibre could generate a supercontinuum out to 12.5μm when pumped with 50ps pulses at 4.5μm in the normal dispersion regime. Here we use use full dual polarisation multimode modeling of supercontinuum generation pumped at 2.9μm with 10-60ps pulses. The aim is to investigate the realistic supercontinuum performance of this fibre when pumped at 2.9μm, and the general influence of the second polarisation and the higher order modes on supercontinuum generation pumped with long pulses in the normal dispersion regime.
The dispersion and modal profiles of guided modes of the 8μm core diameter high NA AsSe fibre are shown in Fig. 1(a) . The FEM modeling of the dispersion for the LP 01 mode in a similar fibre was previously confirmed experimentally [18] . Not all the guided modes are shown here as they were either two-fold degenerate, such as for the concentric LP 0n modes, or four-fold degenerate such as the other modes. The dispersion profiles show that the 2.9μm pump is deep in the normal dispersion regime of the LP 01 mode while it is within two Raman order of the anomalous dispersion of the LP 21 and LP 02 modes. For the even higher order modes the dispersion is all-normal. Since the supercontinuum generation is most efficient in the anomalous dispersion regime the dispersion profiles alone indicate that we should consider the influence of the LP 01,11,21,02 modes.
Because we pump in the normal dispersion regime with long pulses temporal walk-off is weak and Raman scattering becomes important. In particular, Raman scattering is known to be able to couple different spatial modes together [40] . The Raman scattering is dependent on the spatial distribution of the modes involved in the scattering process. In order to further look into which of the modes are relevant to consider in the supercontinuum modeling the normalised coupling coefficient from the LP 01 mode containing the pump pulse (number 1) to the mode number m given asQ
1111 . was therefore computed and shown in Fig. 1(b) . Here the number in the parenthesis indicates the mode number m. Two m=(01,02,03) coefficients appear due to the two polarisations and four appear for the other modes due to degeneracy and two polarisations.
Figure 1(b) shows the normalised coupling coefficient and the cutoff wavelength of the individual modes. The modes that coupled the strongest were the three concentric LP 0n modes co-polarised with the LP 01 polarisation containing the pump pulse. This was followed by the four-fold degenerate LP 11, 21, 12, 22 modes, which had a normalised coupling coefficient from 25 to 50%. All other modes had a normalised coupling coefficient below 25%. The normalised coupling coefficients indicate that we need to consider seven modes. However, even though the mode is excited its importance might be restricted if it is not guided to sufficiently long wavelengths. This indicates that only the LP 01,11,21,02 modes need to be considered as they have a cutoff above 6μm where as the rest have a cutoff below 5μm.
To make a final decision we look at the walk-off length between the pump at 2.9μm and the first Raman line at 3.1μm in the higher order modes, given by
Here T 0 is the pump pulse duration and β m 1 (ω R ) is the inverse group velocity for mode m at frequency ω R . The calculated L W for a 10ps pulse is shown in Fig. 1(c) , which confirms that we can restrict our selves to consider only the LP 01,11,21,02 modes as also predicted by the dispersion profiles.
Supercontinuum generation in the LP 01 mode
Initially, we consider the conventional scalar single-mode modeling of the supercontinuum generation, assuming excitation of only the fundamental LP 01 mode [35, 38] . In this case the MM-GNLSE was reduced to
In Fig. 2 we shown the results of modeling for a pump pulse of 4.8kW peak power having 10, 20, 40 and 60ps pulse duration. For increasingly longer pulse duration the power spectral density is increasing due to the increasing pulse energy. The spectral profile remains the same reflective that the fibre was fixed, and that the spectral broadening mechanism was always the same. Due to the very weak dispersion and strong nonlinearity the nonlinear dynamics in the anomalous dispersion regime will be dominated by SPM, and the solitons that will be generated will quickly red shift to the second ZDW and generate dispersive waves in the normal dispersion regime just above the ZDW. Both effects deplete the signal in between the two ZDWs, and generate peaks just outside the anomalous dispersion regime [49] (here at 4 and 12μm).
The evaluated total power shown in Fig. 1(b) was continually decreasing due to loss and the strong broadening to longer wavelengths which likewise decrease the pulse energy. The evaluated long wavelength edge at -30dB is shown in Fig. 1(c) for the different pulse durations. For all the different pulse durations the continuum extended to 20μm and beyond.
The dynamics of the whole continuum generation is shown in Fig. 1(d) where initially a strong Raman cascade is seen to distribute the light across much of the transmission window of the fibre. At least six Raman stokes orders given by the dashed lines appear initially. Such strong cascade has been previously demonstrated by White et al. where they generated up to five Raman orders in a sulfide fibre pumped at 2μm [43] .
The modeling was then extended to include both polarisations of the fundamental mode. The MM-GNLSE in Eq. (1) is in this case reduced to two coupled GNLSE, one for each polarisation, given as 2) . The two polarisations A 1 (z, Ω) andÃ 2 (z, Ω) are coupled with each other through XPM and FWM. This model is the same as the one used previously to study polarisation effects in fibres [34, 50] . The pump pulses used previously in the single polarisation case were coupled into one of the polarisation of the LP 01 mode and propagated over one meter of fibre. Figure 3 shows simulated supercontinuum for four different pulse durations. Figure 3 (a) shows the supercontinuum spectrum for the total field. As anticipated from the work of Coen et al. [34] we observe a significantly reduced spectral broadening because the power is rapidly distributed evenly between the polarisations. Figure 3(b) shows that the power equilibrium is obtained after 1 meter of fibre for all pulse durations, and that the equilibrium length increases with the pulse duration. In contrast Fig. 3(c) shows that the two polarisations obtained the same bandwidth already after 20cm.
More detail on the developing supercontinuum is seen in Figs. 3(d)-3(e) , which show the contour plots of the dynamics of the two polarisations. In the polarisation with the pump pulse two Raman lines build up within the first 20cm at 3.11 and 3.35μm (solid black lines in Fig.  3(d) ) while at the same time FWM stokes and anti-stokes in the orthogonal polarisation build up (red lines in Fig. 3(e) ) around the pump. This was followed by a build up of a Raman line at at 3.22μm where the FWM stokes at 3μm acted as a pump. The presence of FWM stokes and anti-stokes lines in the orthogonal polarisation due to polarisation modulation instability (PMI) when pumping in the normal dispersion regime of the fiber is well-known [51] . The PMI gain g PMI = R(K) can be calculated from the formula
with the phase matching term given as Δβ = 2(n 1 − n 2 )ω p /c − β 2 Ω 2 where n 1 and n 2 are the refractive indices for the two polarisations of LP 01 . The PMI gain is shown in Fig. 3(f) , and confirms the 2.9 and 3μm side bands observed in Fig. 3(e) .
Comparison between the results for the single polarisation in Fig. 2 and having both polarisation in Fig. 3 of LP 01 illustrated the importance of having both polarisation of the fundamental mode in the simulations as the Raman scattering within one polarisation and the FWM between both polarisation compete against each either, and here the transfer of light between the orthogonal polarisation worked at the same rate as the Raman scattering occurring within the polarisation having the pump pulse thereby limiting the ability for the same broadening to take place as was seen in the single mode and single polarisation case shown in Fig. 2 . It should be noted the modeling here was for an ideal fibre having almost no birefringence other than the numerical birefringence occurring in the modeling and therefore with phase matching between the polarisations. In reality a mixture between the two presented scenarios would be expected, since in non-perfect fibres the phase matching between the two polarisations would probably not be so perfect.
Supercontinuum generation in the LP 01,11,21,02 modes
Supercontinuum generation was then studied in the selected most important LP 01,11,21,02 modes in order to estimate the influence of the intermodal coupling processes on the formation of supercontinuum. As was discussed previously the pump light coupled into only the LP 01 mode under optimum launch conditions, will due to a long walk-off length between the modes and strong intermodal coupling transfer light into the HOMs. As the pump durations is long and is located in the normal dispersion regime Raman scattering will be an important mechanism in transferring energy between the modes. This has previously been studied experimentally in silica fibres where different Raman orders occurred in different modes [40] . Raman scattering depends on the pulse duration so here both short and long pulses are investigated in order to quantify the necessary pulse durations needed for either enhancing or inhibiting intermodal energy transfers.
Initially, we considered the LP 01,02 modal interactions as these had the strongest intermodal Raman coupling coefficients. Expanding Eq. (1) with the strongest overlap integrals when considering two modes each with two polarisations coupled through intermodal Raman scattering yielded
The fields 1 and 2 are the two polarisation of LP 01 , and 3 and 4 are the two LP 02 polarisations. The overlap integrals Q (1) pppp and Q (1) ppqq represent the nonlinear SPM, XPM, and Raman coupling. The Q (2) overlap integrals contribute with additional SPM, XPM and intermodal FWM. The overlap integrals on the form Q (1) pqpq are of interest as these are responsible for the Raman induced power transfer between the modes. These were also the ones being plotted in Fig. 1(b) . In Eq. (6) we neglected the weak Raman induced cross-polarisation coupling (Q (1,2)
3232 =0) and assumed that Raman induced coupling only takes place between the same polarisations (Q (1,2)
It should be noted that Eq. (1) does not fully take into account the full tensor nature of the Raman response, but approximates the cross-polarised part with the co-polarised part, so that only the co-polarised Raman function describes all the Raman induced effect [44] . However, the intermodal couplings that are responsible for the power exchange, are actually related to the orthogonally polarised Raman response [52] . For conventional fused silica glass the orthogonal Raman gain is lower than the co-polarised Raman at the peak gain frequency. If the same applies for chalcogenides this means that the Raman power transfer in the simulations is overestimated. However, as there is no measurements of the orthogonal Raman gain of the As 2 Se 3 chalcogenide currently available in the literature, the co-polarised one was used for all the Raman interactions. Figure 4 shows the modeled supercontinuum for the LP 01,02 modes. Figures 4(a)-4(d) show the generated supercontinuum in the LP 01 and the LP 02 modes for three different pulse duration of 10, 40, and 60ps, respectively. For the 60ps pulse duration both modes obtained a noticeable amount of broadening with an octave occurring in both. The presence of anomalous dispersion close to the pump wavelength in the LP 02 mode and not the LP 01 mode generated different output spectra. The blue edge is, e.g., shorter in the LP 02 mode due to the shorter first ZDW. The transfer of power between the modes and the underlying nonlinear processes become apparent by studying their individual power levels as the pulse propagated down the fibre as seen in Figs. 4(b)-4(e) . Initially, the light was coupled into one of the LP 01 polarisation. Due to the intermodal coupling to the co-polarised LP 02 mode and the orthogonal polarisation of the LP 01 mode, the pump pulse power was quickly reduced. The transfer of power into LP 02 eventually stopped after about 20cm. As the intermodal coupling stopped, the transfer of power between the two polarisation in each mode through PMI followed, as was seen for the single LP 01 mode shown in Fig. 3(b) . For the shortest pulse durations considered, the 10ps pulse, there was negligible amount of power transferred into the LP 02 as shown in Fig. 4(e) . This was due to the Raman scattering not transferring light fast enough before the modes propagated away from each other due to walk-off cf. Fig. 1(c) . The 40 and 60ps pulses allowed the light in the LP 02 mode to built up and with increasingly larger amount for the longer pulse durations.
Comparing the spectra obtained with only the LP 01 mode in Fig. 3 with the spectra obtained with both the LP 01 and LP 02 modes were present, the most noticeable difference was in that the pump and the first two Raman lines in Fig. 3(a) were not depleted as in Fig. 4(a) . Furthermore, due to the strong Raman coupling between the modes less power was left in the LP 01 mode when comparing power per mode in Figs. 3(b) and 4(b) . Despite the strong intermodal Raman coupling the broadening for the two different cases were the same with the continuum extending out to around 5.5μm for the 60ps pulse duration. The PMI coupling between the two polarisations of the LP 01 mode was still the most limiting factor when aiming at generating a broadband supercontinuum.
The way continua developed in both modes is seen from the contour plots in Figs. 4(g)-4(j). For the LP 01 mode seen in Figs. 4(g)-4 (h) the development was completely the same as for the single LP 01 mode only shown in Fig. 3 where a few Raman lines built up in the pump pulse polarisation while at the same time PMI transferred power into the orthogonal polarisation. The continuum in the LP 02 in Figs. 4(i)-4(j) mode began from the first Raman line at 3.11μm, which was generated after 10cm of propagation. The Raman stokes then underwent SPM broadening crossing into the narrow anomalous dispersion regime at 3.3-4μm (see. Fig. 1(d) ) resulting in an octave spanning continuum. Similar dynamics occurred for the orthogonal polarisation of the LP 02 mode where light was initially transferred through PMI from the co-polarised LP 02 component, followed by subsequent broadening.
The supercontinuum generation taking into account the slightly weaker coupling between LP 01 and LP 11 mode was then considered. The LP 11 mode is four times degenerate (2xHE 21 , TE 01 , and TM 01 ) and the coupling strength between the LP 01 and these four LP 11 components was identical. We therefore only consider the coupling to the two HE 21 components of the LP 11 mode. The dynamics between these four components is then described by Eq. (6), but as the HE 21 mode were non-concentric the Raman coupling coefficients were equal meaning Fig. 5 . A 500nm broad spectrum is generated in the LP 11 mode due to generation of two Raman lines. However, as expected the limited coupling between the modes, means that the spectral broadening of the total field approximates that of the single LP 01 mode supercontinuum generation.
We finally considered the even weaker coupling between the LP 01 and LP 21 modes. The LP 21 mode was likewise four-fold degenerate containing the 2xEH 11 and 2xHE 31 components. The coupling strength to the four LP 21 components is again the same and we limit the modeling to only take into account the 2xEH 11 components for which Q If the LP 01,11,21,02 modes had been simulated together it would become apparent that only the LP 02 mode would be excited while the others would get only negligible amount of power transferred to them. These results are in good agreement with previous studies of Raman scattering in multimode silica fibres where the Raman scattering occurred in the concentric LP 0n modes under optimum launch conditions where the laser light was predominately coupled into the LP 01 mode [38] [39] [40] .
Comparing the three different conditions studied here with the single LP 01 polarisation, the single LP 01 mode with both polarisation, and the LP 01 mode in conjunction with HOMs the most detrimental effect in terms of generating the broadest supercontinuum was the coupling between the polarisations of the fundamental mode. The coupling between the modes through PMI depleted the pump before it could generated strong enough Raman lines that could broaden the spectrum. With the addition of the LP 02 mode this became even worse as then the power in the LP 01 mode got even more depleted. Since we were here using the co-polarised Raman response function, which is expected to stronger than the orthogonally Raman response function, to model all intermodal Raman scattering processes the power exchange between the LP 01,02 modes is expected to be here slightly exaggerated.
The power exchange between the modes can though be completely avoided by utilising pump pulses having shorter pulse durations as they do not drive intermodal Raman scattering as was seen in Fig. 4 .
